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A satellite communication system has been proposed for
use in improving naval communications. This system would
feature random selection of channels by originators. For a
message to be received successfully it must be alone on a
channel during its transmission period. The number of trans-
missions by each unit and the total system transmission time
must be minimized to prevent detection by enemy direction
finding equipment. An expression is developed for the prob-
ability that a specified number of messages, s, of n original
messages, will be received successfully after being trans-
mitted a number of times, m. An expression is derived for
Liit; probability that a specified number of messages, j, of n
original messages, will be received successfully on the first
transmission by some arbitrary time, t. A Monte Carlo com-
puter simulation is conducted and is the basis for expressions
for the maximum number of times any unit would have to trans-
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I. INTRODUCTION
Improvements in naval communications have been a con-
tinuous source of study for many years. Since the time
that the importance of communication between one naval
unit and another was realized, many important improvements
have been made, one of the most significant of these being
creation of communications control centers to regulate and
relay the tremendous flow of traffic necessary to maintain
an effective naval force.
Although the communications control station is a def-
inite improvement over previous systems of control, there
still remains considerable delays in this system due to
priorities, requests to transmit, acknowledgements , etc.
What is needed is a system to receive a large volume of
traffic in a short amount of time with the least amount of
delay for the transmitting units.
It has been proposed that a multi -channel satellite
communication system be implemented for this purpose. The
number of satellites needed would be sufficient to cover
all areas where naval units might be located. Each satel-
lite would contain several frequency channels designated
as service channels and one or two channels as control
channels. Messages to be transmitted to other stations
would be sent over the service channels for receipt or re-
lay by the control station and the control channels would
be used for such functions as message acknowledgement, re-
transmission orders, and channel assignments.

The original application of this type of system is clas-
sified and is described by Crigler [1]. However, this sys-
tem may lend itself to the ship-to-shore communications
problem. With the advent of electronic warfare, minimizing
transmissions has become critical in keeping unit location
secure from the enemy. At the same time there is still a
certain amount of traffic which must be sent to maintain
accountability and control.
To be effective, a communications system must require
a minimum amount of transmission time from each unit, hence
keeping total system time low. This would make detection
of a transmitting unit by enemy forces more difficult and
improve the unit's combat effectiveness. At the same time,
however, system operations must have a high probability of
success. It would accomplish little to have a system which
requires a small amount of transmission time if the prob-
ability of success of the transmitted messages is not high.
This thesis is a study of one of the possible methods
a satellite communications system could be used to keep unit




The system to be studied would feature random selec-
tion of a service channel from all those provided. The
control channel serves only to relay message acknowledge-
ments or to indicate that message retransmission is neces-
sary. When an originator desires to send a message over
the system, he randomly selects a service channel, tunes
his transmitter to the frequency for that channel, and
transmits his message.
All messages originated would be automatically encryp-
ted during transmission on the service channel. Automatic
check-decryption equipment at the control center would
rapidly process Ihe message^ upon receipt. ii the message
decrypts without error (garble) , this equipment would send
back a coded response to the originator via the control
channel. If a message does not decrypt properly, a dif-
ferent coded response would be sent and the originator would
have to transmit the message again.
If the coded response is positive, the message has been
received ungarbled and the originator is finished. If he
receives a negative acknowledgement, he must reselect a
channel, retune his transmitter, and retransmit. This pro-
cedure continues until he receives a positive acknowledge-
ment or he has transmitted the maximum number of times
allowed or has used the maximum time allowed a unit by a
preset policy for this system.

A negative acknolwedgement is received if two or more
messages are being transmitted on the same channel at the
same time. If this occurs, all messages involved will be
garbled and must be retransmitted. Each unit involved will
receive a negative acknowledgement and must reselect a new
channel at random, independent of each other, and transmit
again.
Estimated time requirements for operations in the sys-
tem are presented in the following table. Times indicated
are for a single unit and are in seconds.
TIME
FUNCTION REQUIRED
Select Channel and Tune Transmitter 30 sec.
Tran s niit Message 15 see.




Ill . STATEMENT OF PROBLEM
It is desired to send one message each from n different
originators over a c-channel satellite communications system
using random selection of service channels. It is also de-
sired that the probability that each message is received un-
garbled on the first attempt is high. If a message is not
received successfully on the first attempt, it will be re-
transmitted later on another randomly selected channel.
For the system to be successful all messages must even-
tually be received ungarbled. This must be accomplished
within a reasonable time after the originators begin trans-
mitting to keep system broadcasting time low and minimize
the possibility of electronic detection by the enemy. Sim-
ilarly, the number of attempts by each unit must be minimized
This thesis is directed toward providing models which
can be used in the design of the system. Section V is de-
voted to the mathematical development of the probability of
successfully receiving any number of the n-messages on the
first transmission with an arbitrary time, t. Another for-
mula is derived to determine the probability of receiving
any number of a particular generation of messages. A gen-
eration of messages is the set of all transmissions that
had to be repeated the same number of times. Thus, the
zeroth generation is the set of the n original messages,
the first generation is the set of all first retransmissions,
and so on. Section VI B is a development based on a Monte
Carlo computer simulation of the maximum number of times a

unit would have to transmit to have its message received
successfully on a c-channel n-original system.

IV. ASSUMPTIONS
The following assumptions were made in the development
of the analytical and computer simulation models:
(1) All messages are considered to be of equal length,
d. This is a rather restrictive assumption and is used to
simplify the development of the models. The assumption was
originally made to apply to coded format responses where
all messages were designed to be of equal length. It was
shown by Kabak [2] in a problem mathematically similar to
this one that the probability of non-interference does not
change significantly when the shape parameter of the Erlang
distribution used for service time is increased to infinity,
i.e., even when service times (message lengths) are constant.
Kabak 's model, however, assumes one channel only.
(2) Frequency channel selection by a user is considered
to be completely random. Random selection methods are in-
creasingly in use by the Navy and although it is rare that
one can select an alternative completely at random the as-
sumption is made for this development. In this case all ser-
vice channels are equally likely to be selected.
(3) Interference occurs if the transmission start times
of two messages on the same channel are within d seconds of
each other. If the two times are d seconds or more apart,
interference does not occur. If interference does occur,
both messages must be retransmitted on a new randomly selected
channel after a delay to reselect a new random channel and
10

retune the transmitter. For numerical computations,
d = 15 sees will be used.
(4) Transmitter selection and tuning times are constant
for all originators. For numerical computations, h = 47 sees
will be used.
(5) Beginning times of transmissions are uniformly dis-
tributed over an interval (0,L). All originators are con-
sidered to be of comparable readiness and training status.
The interval is considered to be of reasonably short duration
See [1] for detailed reasons. For numerical computations,






A, = the number of messages attempted in the k^h
generation, k = 0,1,...
N, = the number of messages successfully received
in the ktn generation, k = 0,1,2,...
The probability that any specified number, j, of the n mes-
sages transmitted over a c-channel system will be received
on the first transmission is developed by Crigler [Ref. 1]
and is given by
peh.-j] = £ El
n n CD
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where
N = the number of messages received successfully on the
first transmission (zeroth generation) and the two sets of
multiple sums are over all m. and b., i = 1,2,. .
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B. = the number of messages received successfully on
channel i.
M. = the number of messages attempted on channel i.
d = message length.
L = length of transmission interval over which trans-
mission start times are uniformly distributed.
This development was made under the assumption that
messages on one transmission generation do not interfere
with messages on any other transmission generation. Orig-
inal messages (zeroth generation) are received over the in-
terval (d,L+d). First retransmissions (f i rs L generation) are
received over the interval (d+h, L+d+h) , an interval equal
in length, L, to the zeroth generation interval but shifted
to the right by an amount of time, h, the time it takes to
receive an acknowledgement (2 sec) , randomly select a new
channel and retune the transmitter (30 sec) , and retransmit
the message (15 sec). Similarly, each succeeding generation
is received over an interval of length, L, shifted to the
right by an amount, h, from the interval of th>e previous gen-
eration .
The number of attempted message transmissions in the
first generation is dependent only on the results of the
zeroth generation and is equal to A -N . The transmission
start times of the first generation are uniformly distributed
13

over the interval (h , L+h) . Similarly, the mth generation is
dependent only on the results of the (m-l)st and the trans-























- N 2 = n - (N +N 1 +N 2 )
A = A -
m m-1
m-1
N - = n - T N.
m " 1 A) x
Using the assumption that different generation messages
do not interfere with each other, the distribution of the
number of attempted messages in any generation may be derived
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The conditional probability P[N ,=£-r|A -,=Z] can be
found using Equation (1) with j replaced by £-r and n re-
placed by £. Since the distribution of A is the degenerate
distribution at the value n, those of A 1 ,A 2 ,... may be suc-
cessively determined from Equation (3) with the repeated use
of Equation (1)
.
The probability that a specified number of messages, s,
is received successfully on any generation, m, is given by
* (4)
P[N =s] = > P[N =s|A =r]P[A =r] s= 0,1,2, ...,nL m J l__, L m l m JL m J >>> >
r=s
where the conditional probability P[N =s|A =r] can be foundv ; L m ' m J
again from Equation (1) with j replaced by s and n replaced
1 m J
rouiK iquation (jj with r-s
The probability that a specified number of messages, j,
are successfully received on the first transmission by some
arbitrary time, t, can be found by modifying Equation (1).
The transmission receipt times are uniformly distributed for
the zeroth generation over the interval (d, L+d) and the num-
ber of messages attempted is n.
The probability that the number of messages attempted
by time t < L+d is some value, k, is given by




k = 0,1,2, ... ,n
Finally, the probability that a specified number of messages,
j, are received successfully on the first transmission by
some time, t, is given by
15

nP[N (t) = j] = £ P[N (t)
k=0
= j |A (t) = k]P[A (t) = k]
(5)
t < L+d
k = ,1 ,2 , . . . ,n
Here the conditional probability P[N (t) = j|A (t) = k] is
given by Equation (1) after replacing L by t-d and n by k.
For time greater than L+d, the probability that any
specified number of messages will be received successfully
on the first transmission is the same as for t = L+d since
all n of the original transmissions have been received by
t = L+d.
An example of the results of Equation (5) is given in
the following table
:
TABLE I. P[N (t) - j]
n = 2, c = 2, d = 15 sec. , L = 300 sec.
50 100 150 200 250 300
.697 .465 .274 .143 .072 .049
1 .281 .445 .500 .445 .281 .000








The computer simulation is done on an IBM 360 com-
puter using FORTRAN IV. The program utilizes two random
number generators, a storage vector (X), a transmission ma-
trix (XT), and a comparison matrix (DIFF) . No special as-
sumptions are made about interference between generations
of transmission, i.e., messages of different generations
are allowed to interfere with each other.
The storage vector (X) is a 49 position vector
used to store all transmission start times in the order of
their transmission. The transmission matrix (XT), is a
cx49 matrix used to indicate the channel on which a message
is transmitted. The comparison matrix (DIFF) is a cx49 ma-
trix used to compare transmission start times of messages
on the same channel of the transmission matrix to see if
they interfere.
2 Operation
N uniform random numbers over (0,L) are generated
and rearranged in increasing order. These numbers represent
the transmission start times for the original n messages
and are placed in the first n positions of the storage vec-
tor (X) . The first start time in the vector is assigned
one of the c-channels using the second random number gen-
erator and is placed in the transmission matrix (XT) in the
17

first position of the row corresponding to the channel as-
signed. The other (c-1) rows are assigned a zero in the
first position. The second start time in the storage vec-
tor is randomly assigned a channel and placed in the trans-
mission matrix in the second position of the row corresponding
to its channel and the other (c-1) rows are assigned a zero
in the second position. If the two transmission start times
are not assigned to the same channel there is no chance for
interference and the third start time is placed in the trans-
mission matrix in the third position of the row corresponding
to its channel with zeros in the third position of the other
(c-1) rows.
If the first two start times are assigned to the
^ciiue Ciiannex , tiierc- is a chance tor intertcrcncc and tne
times must be checked. The comparison matrix (DIFF) com-
pares the two start times to see if they are less than D
seconds apart. If the two times are at least D seconds apart,
interference does not occur and the third start time in the
storage vector is placed in the transmission matrix. If the
two times are less than D seconds apart, they are both gar-
bled and must be retransmitted. The delay time to start a
retransmission (H) is added to the start time of both of
the garbled messages. This additional time (H) is the time
to complete the transmission (15 sec) , receive a reply from
the control center (2 sec) , and reselect a channel and retune
the transmitter (30 sec) . The new retransmission start time
for the first message is then fitted into the storage vector
18

(X) for later transmission. Fitting the retransmission
start time into the storage vector requires checking the
vector to find the first start time greater than the re-
transmission start time to be inserted. All start times
greater than the one to be inserted are then shifted one
position higher in the vector and the retransmission start
time is placed in the vacant position. This allows all
messages to be retransmitted in the proper order. The re-
transmission start time of the second garbled message is
placed in the storage vector in the same manner. If a re-
transmission start time is greater than any start time in
the vector, it is placed in the next position after the
highest start time in the vector.
Once trie retransmission start times have been in-
serted into the storage vector (X) for later transmission,
the third transmission start time is placed in the trans-
mission matrix in the row corresponding to the channel se-
lected. The row is then checked back from the third position
to see if there are any other transmission start times on
the channel. If there is one or more start times on the
channel , the most recent is compared with the time in third
position as described above and the messages are retrans-
mitted if necessary. Note that it is necessary to check
only back from the third position since all later positions
in the transmission matrix are still empty. Also, it is nec-
essary to compare only the most recent start time since any
other start time which might interfere with the time in the
19

third position will have interfered with the more recent
time also and has been retransmitted already. If there
are no other transmission start times on the channel or
if interference does not occur, the next start time in the
storage vector is placed in the transmission matrix.
The above procedure is repeated until all trans-
mission start times are placed in the transmission matrix
and no more interference occurs. When this is completed,
all n original messages have been successfully transmitted.
Note that in inserting retransmission start times, if a
message interfers and its retransmission start time is in-
serted into the storage vector, should this message inter-
fere again later, its retransmission start time is already
in the storage vector and is not reinserted. several com-
binations of channels-originals were simulated with each
combination iterated 50 times (see Table II).
The computer program and a sample of the printout
results showing the storage vector (X) retransmission start
times, the storage vector (X) with all transmission start
times at the end of the process and the transmission matrix
(XT) showing all transmission start times in their appro-
priate channel positions for the 10 channel - 20 original
case are located on pages 28-33.
B. SIMULATION RESULTS




N(t) - the average number of messages received un-
garbled in the interval (0,t) in 50 iterations.
A(t) - the average number of messages received (gar-
bled and ungarbled) in the interval (0,t) in 50 iterations.
L' = L+d - The time it takes to receive the n origi-
nal messages
.
h - the time required to receive acknowledgement
from the control station, reselect a channel, retune the
transmitter, and retransmit the message.
M - the number of generations of transmissions
needed for all messages to be received successfully. M is
a random variable with possible values 0, 1, 2, ...
The average number of completed transmission attempts,
A(t) , iii an interval (0,1) ib determined by adding the
total number of transmissions in the fifty iterations over
the interval and dividing by fifty. The average number of




K(t) - N£ti .
A(t)
The simulation printouts show that K(t) approaches a
constant, K, and this limit is reached for t = 2L'/3 in
each of the channel-original combinations. Table II shows
the values of K(t) for all c-n combinations simulated for
increasing time intervals and the value that K(t) approaches
21

TABLE II. d = 15 sec, H = 47.0 sec, L' = 315 sec
K (t) - SCE1
A(t)
v. t
c-n^\ 50 100 150 200 250 300 350 K =
5-20 .83 .73 .67 .61 .55 .52 .51 .51
7-20 .83 .80 .78 .75 .73 .72 .72 .72
10-20 .90 .86 .82 .81 .80 .79 .79 .80
10-15 .94 .86 .83 .83 .85 .85 .85 .85
10-10 .99 .98 .96 .94 .93 .94 .94 .94
10-5 .99 .91 .86 .90 .89 .91 .91 .91




j- i. - j
trie tiiiie ±t takes ior an messages to be re
ceived successfully. Then clearly t' > L'.




N(t«) = A (t» ) = n.
Since t ' > 2/3 L f
,





may be used as an approximation, where brackets indicate the









or the average number of transmissions in the interval
(0,t') is the sum of the average number of original trans-
mission in (0,f) and the average number of retransmissions
in (0,t') .














s(t') = Y. Vf)
i = l
and
M = maximum number of generations needed to transmit all
messages successfully.
Some reflection shows that
M S(t')
2
or the maximum number of generations to complete some number,
j , of retransmissions is the largest integer value less than
or equal to (j/2). This is found by examining the possible
combinations of generations which can be used for any number,
j , of retransmissions and taking the largest number of gen-










Define t* = time to complete M generations.
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and t* is the maximum amount of time it would take to com-
plete the generations required for all messages to be re-
ceived successfully. Numerical values for K, A(t'), S(t'),
M, and t*, derived using the simulation outputs are shown in
Table III.
TABLE III. d = 15 sec, L' = 315 sec, h = 47.0 sec
V t




5-20 .51 39 19 9 738.0
7-20
. 72 C 1 7 3 456.0
10-20 .80 25 5 2 411.0
10-15 .85 17 2 1 362.0
10-10 .94 11 1 315.0
10-5 .91 6 1 315.0
5-10 .83 12 2 1 362.0
24

VII. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY
A. CONCLUSIONS
Based on the preceeding sections the following conclu-
sions are made:
(1) The probability that any specified number of mes-
sages, s, will be successfully received on a subsequent re-
transmission is given by Equation (4) of Section V. This
expression can be used in the system design to determine
the probability of success of messages transmitted more
than once. It can be used also to aid in deciding the max-
imum number of transmissions to allow each unit.
(2) If there are n message originators who must each
transmit a. message of length, d, over a c- channel satellite
system, and if all n messages are to begin transmissions by
some time, L, subject to the assumptions in Section IV, then
the probability that a specified number, j, of the n messages
will be successfully received on the first transmission any
time, t < L+d is given by Equation (5) of Section V.
(3) The ratio of the average number of messages re-
ceived ungarbled over an interval (0,t) and the average num-
ber of messages sent over the same interval approaches a
constant at some time greater than or equal to two-thirds
the time it takes the n originals to be received. This con-
stant is called the transmission constant. This ratio takes
into account all possible methods of interference and all
generations of transmissions. This implies that the system
appears to reach steady state at some time t = 2/3 L' .
25

(4) The number of retransmissions for the system to be
successful can be determined by using the number of origi-
nators and the transmission constant. This value is useful
in the system design to determine the proper number of chan-
nels to avoid excessive retransmissions.
(5) The maximum number of transmission generations
needed for all original messages to eventually be received
ungarbled can be determined by using the transmission con-
stant and the number of originators. This value is impor-
tant in determining the maximum number of times each unit
may have to transmit to complete all original messages.
From this value, such tactics as emission control plans
could be developed.
(6) The maximum rime for generations needed for suc-
cessful completion is determined by using the original mes-
sage receipt interval, number of originals, transmission
constant and time to retransmit. This value can be used to
predict the maximum amount of time the system would be ex-
posed to enemy detection under different channel -originator
combinations. It could also be used to develop scheduling
plans for the satellite's use by groups of originators.
B. RECOMMENDED TOPICS FOR FURTHER STUDY
In [Ref. 1], Crigler lists several additional topics
for further study, some of which were done here. Along with




(1) Develop an expression for the probability that a
specified number of messages are successfully received by
some time, t, taking retransmissions into account.
(2) Investigate the changes in the results of the
analytical and simulation models using a variable message
length rather than constant.
(3) Develop a mathematical expression for the optimum
number of channels for a successful system based on the
number of originators.
(4) Investigate the effects of different values of
the interval (0,L).
(5) Investigate the transient state of the system
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